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Reminder

We introduced the basic notions of co-prime numbers and discussed several
important concepts like the Bézout relation, or the Euclid lemma, that can be useful
in understanding discrete configurations such as Bravais lattices.

We reminded basic objects and calculations in 3D.

We used all these notions to review foundational aspects of crystallography
including miller indices, crystal directions and planes.

In particular, we showed that in the cubic systems, when the Miller indices are
defined in the conventional cell (orthonormal basis), the planes (hkl) and directions
[hkl] are orthogonal.

This is not true in other crystal structures !
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Overview

Reciprocal Space

Rational, Irrational and real numbers (R)
Origin of complex numbers
Construction of C

Important properties of complex numbers

Reciprocal space from X-ray diffraction (finish next week)



Miller Indices and Reciprocal Space

= Can one find a new basis (O, a*, b*, ¢*) such that a vector N*,,,;= ha* + kb* + Ic* will be

perpendicular to the plane (hkl) ?

A

= If A, B and C are the points of intercepts of the Bravais lattice vector

basis (O, a, b, ¢) at a/h, b/k, and ¢/l respectively, we must have:

N* = ha* + kb* + Ic*

o AB .N*.,, = (-a/h+b/k).(ha* + kb* + Ic*) = 0

o AC .N*,, = (-a/h+c/l).(ha* + kb* + Ic*) = 0

= This would work if a* was orthogonal to b and ¢, b* was orthogonal to a and ¢, and ¢* was
orthogonal to a and b, and if a.a* = b.b* = c.c*.

= which we can write:

at. @ =2n b*. @ =0 . aT =0
a. b =0 b*. b =2n . b =0
at. T =0 b*. T =0 c*. T =2n

= \We would indeed obtain:
AB . N*, = (-a/h+b/k).(ha* + kb* + Ic*) = -a.a*+b.b*= 0

AC . N*,,, = (-a/h+c/l).(ha* + kb* + Ic*) = -a.a*+cc*= 0



Reciprocal space

Reciprocal spaces are very useful in the understanding of crystals structure as well as in X-ray
diffraction analysis.

They are also a great way to approach some concepts in the band theory of electrons in
solids.

One way to see reciprocal space is to create a new basis that would mimic the orthogonal
symmetry that we find in the cubic crystal structure.

For a Direct lattice space (O,a,b,c), we define the Reciprocal Lattice (O,a*,b*,c*) such that:

a o - b*. @ =0 e TH —
a*. b =0 b*. b =2xr c*. b =0
a . c 0 b ¢ (0 ¢ ¢ - n

= The reciprocal lattice is: {P,0P = n;a* + n,b* + nsc*, (n,n, n;) € Z3}.

= The first important aspect is that a is orthogonal to b* and ¢*: In most Bravais lattices, a is not
orthogonal to b or ¢, so the scalar product a.b and a.c cannot be ignored.

If however we consider a vector in the direct space D = d,a + d,b + d;c and one in the
reciprocal space N* = n,a* + n,b* + n;c* we have:

D.N* = dlnla. a* + dznzb. b* + d3n3C- C* = Zn(dlnl + dZnZ + d3n3) 5



Reciprocal space

=  Why 27 ? Not defined like that in all text books. We will see that it is useful for the Diffraction
of X-rays by crystal planes to have a 2w coefficient.

= How to construct the reciprocal basis from these considerations:

. b Xxc - cxa . T xb
" b 25 E — 27'[
a 21T v v v

A definition of Miller indices:

Miller indices (hkl) represent the planes in the direct lattice that are orthogonal to the
vector ha® +kb™ +ic* in the reciprocal lattice.

= Afew properties:
= The reciprocal lattice of a reciprocal lattice is the direct lattice;

= The reciprocal lattice of:

N
)
N

T . . . T . — 2w 5 T
o A primitive cubic lattice is primitive cubic: a* = =2 a4 b* = "

-2 2 T >
b, ¢c*=—c¢

N
Q

o A body-centered cubic is face-centered cubic

o Aface-centered cubic is a body-centered cubic.



Distance between (hkl) planes

= The reciprical space formalism facilitates the derivation of the interplane distance of
parallel (hkl) planes.

1
c 0A=%a OB =+b 0C=%c
C N7 N’ N
Ay = OA-& = 03-# = OC-&
(| [N e | [N nsen |
N* = ha* + kb* + lc* By construction:

OA'Nzhkl) = OB'NEhkl) = 0C. Nzhkl) = 2T

Demo: OA. Npyyy = %a. (ha*+kb* + lc*) = a.a* = 2n

a
Zn
So:
h
21T —
a
_ * k 1
= Monoclinic case: N{pyy = 2m and d i) = =7 7 o
2T h l ﬁ+sin2[3<g c2 aCCOSﬁ>
— | ——cosf + -
sinf a c



Example: Reciprocal lattice Monoclinic Primitive

lall = a,|Ibll = b,llcl =c, and a#b#c

(where ||a|| 1s the norm of the vector a);

(a,c) = B, (a,b) = (b,c) =7 (where (a,b)

1s the angle between vectors a and b).

Express the Bravais lattice vectors in the B , ,, , Orthonormal basis;

Calculate the volume of the primitive cell;

Apply the formulae, which gives in B .., »:

21 L 21 0 21 0
=g 0 =)= G| 0
—cotf 0 1




Distance between (hkl) planes

= The calculation can be made for other structures:

— Monoclinic:

— Orthorhombic:

—Tetragonal:

— Hexagonal:

— Cubic:

1

Ay = h P2 2_hl -1 12
2T ac COsPrSin®B T b2
B 1
W= e ¢
a2 T T2
B 1
Ay = 2+ P

T*EZ

iy = 12
\/ 32 M +k+hk)+2

\/h2+k2‘|‘12




Algebraic structures - Fields

The set N of positive integers is at the heart of the important field of enumeration. So that the
sum of two numbers can be zero, the identity of the + operation, one needed to construct the
set Z of relative integers.

Now to have a set with two operations, two identities, and the ability to have inverses for
both, ie so that some elements times 2 or 3 can equal to 1 (identity for x), we must introduce
the set of rational numbers Q based on the notion of Fields.

Since important numbers such that e and m are not rational, or the fact that there is no integers

2
such that 2 = (%) , we will have to also build the set of real numbers R that is the union

between Q (rational) and R- Q (irrational) numbers, which is also a Field.

A Field is a set K under two operations + and x that satisfies the following:

(K,+,x) is a Ring;
If Ox and 1y are the identities for + and x respectively, Ok # 1«
For every x € K- {0k} there is an elementy € Ksuchthatx .y=y.x = 1g

If x is commutative, (K,+,x) is a commutative Field (and Ring).

Examples: (Z, +,.) is not a field but (Q , +,.) (set of rational numbers) is !

R and C are fields for the common operations + and x. 0



Rational numbers - Q

= The set of rational numbers is defined as the set Q = {S’ (p,q) EZ X Z*}

= |Important concepts:
= Qs fully ordered;

» |nteger part: Vx € Q,3!n € Z such thatn < x < n + 1. nis called the integer part of x.

= Qisdense: V(x,y) € Q% 3z € Q such that x < z < y. (take the average of x and y for
example).

= Qisdensein R:V(x,y) €ER%3z € Qsuchthatx <z < y.

Hint for demo: consider (x,y) E R? &y > x,e =y —x > 0.3n € N* such that% < €. Consider the

integer p = E(nx) + 1, where E is the integer part where E(nx) < nx < E(nx)+1. The rational r = 121

verifiesx<r.AIso,r=@+i<x+e=y.

= Representation of Q elements as an irreducible fraction:

Vx € Q3! (p,q) € Z X N* such that x = s & gcd(p,q) = 1 (ie p and q are co-prime).

Proof: existence: if x € Q,3(p,q) € Z x N* such that x = g . If ged(p, q) = 1 the existence is proven. If
gcd(p,q) =6 > 1,then 3(p’,q") € Z x N* such that p = 6p’, q = 8¢’ and ged(p’, ¢') = 1. p’ and q’ verify that x = %:.
Unicity: Lets (p,q) and (u,v) € Z x N* be two representations of x € Q, such that x =§ = 1—; We then have pv =
uq. i

So nliro and from Gatiss bl But also 171m17 and <o 71 Hence » = 17 and <00 = 17



Real numbers -R

The set of real numbers R is characterized by the following important properties:

(R,+,X) is a commutative Field;

< is a total order relation in R.

V(a,b,c) ER3,(a<b=a+c<b+c)&(@<bandc>0= ac < bc)

Any non-empty set of real numbers that has an upper bound must have a least upper bound in real
numbers.

Important notions used in engineering problems:
= Absolute value:
» VxeER|x|=@ifx=>0,—xif x <0).
= V(x,y) € R? |xy| = |x|lyl
= Vx € R 1| =L
x [ x|

= V(x,y) €R?|x+yl < x| +yl,and [|x] = [yl| < |x -yl

= The common distance in R between two points is usually defined as
v(x,y) € R%,d(x,y) = |x -yl
= V(x,y) ER%Ld(x,y) =0 x =y; V(x,y) € R%,d(x,y) = d(y,x);
» V(x,y,2) ER3d(x,2z) < d(x,y)+d(y,z)

» |nequality of Cauchy-Schwartz:
n 2 n n
(Z XiYi) = (Z xiz) (2 }’i2>
i=1 i=1 i=1

12

= Inequality of Minkowsky: /Y%, (x;+V;)2 < /X% %2 + /2%, ;2



Real numbers -R

= Nthroot: V(y,n) € R, x N*,3!x € R tel que x™ = y.
= Notation: we call y the nth root and write: x = %/y , or x = y/"
= |tis called a nth root because it is the root of the polynomial of degree n: P(x) = x™ —y

= Hint of demonstration:

First, one can consider the set E = {x € R,,x™ < y}. E is not empty (0 € E) and is bounded, so E admits a least upper bound b.
Then one shows that if b™ < y, then 3¢ € R such that (b + £)"< y which is a contradiction.
Similarly, one shows that if b > y, then 3¢ € R such that (b — €)"> y which is a contradiction.

= Root of a second degree polynomial

» For(a,b,c) € R3 a# 0 we consider the trinomial for x € R, T(x) = ax? + bx + ¢ and its discriminant
A= b? — 4ac:
» [fA<O,Vx €R, aT(x)>0
= |f A= 0, T has one root —%, and aT(x) >0

. b C
= [fA> 0, T has tworoots x’ and x"" with x" + x"" = ~a and x'x" = -
—b—V/A —b+VA
n x' = and x"' =
2a 2a

= Hint of demonstration:

T(x) =ax?+bx+c=a

AN
x 2a 4q2 a_a

LANS
x+2a _4a2 13



The birth of complex numbers

= Complex numbers were invented to address the need of solving
cubic equations, or of finding roots to polymers of degree 3.

= |n this search, the solution put forward by Girolamo Cardano
(1501 — 1576) made appear the square root of negative numbers.
These strange square roots cancelled out, but still showed up and
no one could make sense of them.

What is v—1 ? f T8 3
Cardano 1501-1576
T, = They were also already considered although not explicitly, in the
.- fact of finding numbers when multiply by themselves give a
negative number, i.e. x €? ... such that x* < 0.
l » Descartes used such square root, but since they made no sense

mathematically he called them imaginary numbers.

» For equations of the second degree, it is also very useful to consider non real solutions

(imaginary ones) when the discriminant is negative. 14



Complex numbers in Materials Science

Complex numbers are a great tool to manipulate angles and magnitudes.

They are extremely useful to deal with phases and losses / dissipation phenomena in
physics, materials science and engineering in general.

They are also essential in the theoretical framework of modern physics such as in quantum

mechanics.

0 :
ih W) = H | )

Are complex numbers “real”’ in the sense that they represent real physical values, objects

and phenomena ?

This is still debated !
Nature: https://doi.org/10.1038/s41586-021-04160-4

Article

Quantum theorybased onreal numbers can
be experimentally falsified

https://doi.org/10.1038/s41586-021-04160-4  Marc-Olivier Renou’, David Trillo?, Mirjam Weilenmann?, Thinh P. Le?, Armin Tavakoli*®,
Nicolas Gisin**, Antonio Acin'® & Miguel Navascués®™

Received: 28 January 2021
Accepted: 18 October 2021

Although complex numbers are essential in mathematics, they are not needed to
describe physical experiments, as those are expressed in terms of probabilities, hence
Open access real numbers, Physics, however, aims to explain, rather than describe, experiments

Published online: 15 D ber 2021




Plane wave at interfaces

= Complex formalism is a powerful tool to apprehend many phenomena in materials science
and engineering.
= An important one relates to the propagation of light at the interface of two materials:

O Ey(r,t) = Egre!(e7™00

Ei(r,t) = Egeltar—ot) —" ke E (r () = E,eltker—o

= At the interface, the tangential electric field must be continuous:
E i,T (rinterface' t) +E rT (rinterface' t) =E T (rinterface' t)

= Thisleads to: k;, = ki = k¢
= And hence Snell's law: 0, = 6; and k¢ sin(6;) = k; sin(6;)

. . . w
= Where, inside a material: k,, = ni: and k; = nt% 16



Plane wave at interfaces

= |n waveguides and optical fibers, n; > n; so

6
that there is a critical angle 6. such as: \/ Z
k
. . n; . n; Ne ¢ y X
vO; = 0, ,sin(6;) = sm(@l-)n—t > sm(@c)n—t =1 m —= e
0; | 6,
k; <
So there is no real solution for 8,, and we have (.y=mO JC -ov (.,)=0O J€ .-
a total internal reflection.

= The complex numbers formalism enable to express this differently and have a deeper
physical interpretation of this result.

k= nt% = \/ktxz + k.,> which we can re-write: k;, = \/ktz — k2, or:

w n.z
ki, = n; ?\/1 — n—;zsinz(éi)

.2
= So,when@; >0, ki, = jn 9\/"—lsin2 6;) —1 2
L cr Xtz = JMe ng? (6;) —Znt% %?sinz(t?i)—l

= No propagation in the cladding material ! E.(r,t) = E,e eJ (kix x—wt)

The electric field decays exponentially in the z direction, carrying no energy.
17



Construction of C

= One way to build the set of complex numbers is to define two operations over R?, + and x,
such that:

v(x, V&, y) R (x,y) + (x',y)=(x+x",y +y")
(x,y) x (x",y") = (xx" —yy',xy" + x"y)
= One can easily show that (R?, +,x) is a commutative Field that is called C.

= Vx € R, (x,0) is a sub field of (R?, +,%) since the addition and product are also of the form
(v,0). R x {0} and R are hence interchangeable, and the element (x, 0) can be referred to as x.

= We can define i = (0,1), which verifies i? = (-1,0) = —1

= We also have: i = V—1 which allows to express the square root of negative numbers.

Example: V=5 = iV/5

=  With these conventions, one can write:
V(x,y) € R? (x,v) = (x,0)(1,0) + (y,0)(0,1) = x + iy

= The form z = x + iy constitutes the algebraic form of a complex number z.

= x is called the real part and written x = Re(z), and y is the Imaginary part with y = Im(z).

18



Manipulations and relations in C

onr z=x+iyandz' = x"+ iy’ we hence have, using algebraic calculation and the fact that
e z+z =x+x"+i(y+y")
So Re(z+z’) = Re(z) + Re(z’) and Im(z+z’) = Im(z) + Im(Z’)
A complex number z = 0 if and only if Re(z) = Im(z) = 0.
This directly means that for two complex numbers z and z”.

z=zifand only if Re(z) = Re(z)) and Im(z) = Im(zZ’)
Conjugate: z* = x — iy. Also noted Z.
The modulus of a complex number z = x + iy is given by: |z| =Vzz* = m
For (z,z") € C?, the multiplication proceeds as follow:

zxz' =(x+iy) x (x"+iy") =(x" —yy) +i(x'y + xy")

x+iy  (x+in'-iy)  xx'+yyr L x y—xyr
x!+iyr |zr|? T xr2+yr2 x12+yr?

The division: 5 =

19



Polar form of complex numbers

= The polar form comes quite naturally when looking at the graphical representation. It is very

similar to cylindrical coordinates in 2D.

Imaginary
= |n the orthonormal plane, it is straightforward that, for z = x + iy S
if we call r the magnitude of the depicted vector, then : + _
1 zZ=x+1y
X =rcosf,y = rsinb T E
1 . : rsin (0)
Hence one can write : z = rcos6 + irsinf = r(cos0 + isinf) T :
+—+———F—F } F].‘ } ; —t Real
ris called the modulus and 6 is the argument. 1 > axis
= +x%+ y? and tanf = % .
= The multiplication of complex numbers can now be more easily +
interpreted on the graphical representation. v

Remember that:

sin(a + ) = sina cos 8 + cos « sin 3
cos(a+ ) = cosa cos f — sina sin 3

in(a — ) =sina cos 3 — cosa sin 3
cos(a — ) = cosa cos 3 + sin a sin 3

» Forz=r(cosO + isinf) and z' = r'(cos8’ + isinf")

zz' = rr'(cos(@ + 0') + isin(6 + 6'))

Z T
— = (COS(Q — 0,) + lSln(Q — 6,))
VA r 20



Exponential form of complex numbers

= There is a very convenient way to write the polar form :
7 =71c0s0 + irsind = re'®
= The relation e® = cos8 + isind is called the Euler relation

Does it make sense to bring a real number to the power of a complex number ?

= \We will review that, for x € C :

o x2k . o x2k+1
cos(x) = Zk=0(_1)k(2k)! and. sin(x) = Zk=o(_1)k(2k+1)!

» ForzeCz=re? z*=re?
= Note also that:

eix 4+ e—ix
cos(x) = ————

ix —ix

sin(x) = T 21



Exponential form of complex numbers

=  With the exponential form, all the product of division of complex numbers study above become

easier to establish
i0 o'

» 7,27 €Cz=re'% 7z =ret

27 = rr'elfei® = yyr/ei0+0) 5o 77/ = rr’(cos(@ +0") + isin(0 + 9’))

Z Teig T '9_3’ Z r . .
A== el(0-07) so — = (cos(8 — 8') + isin(6 — 0"))

= Raising to a power: for z = re/%,  z" = (re!*)" = r"e"

=9 6 =3

(remember that in engineering, “i” is sometimes written “j”)

= Link with the algebraic form:

r=+x2+y2 and tang =2

X

X and sing = ==
x2+y2 /x2+y2

cosf =

22



Complex numbers: the unit circle

= Remember that e'? is periodic ! So:

elf = ¢i(0+20m) ), € 7

= |et?| =1=x%+y2, with
x = cosf and y= sinf

So the x coordinate are the cosine of the angle;

The y coordinates are the sine of the angle.

Example: cos(g) = %; sin (E) = ?

= Roots:

(cosa+jsina)” = [cos(a + 27k) +j sin (a + 27k)]"

= cos(na +2mnk) +jsin(na +2mnk)
where k =0,+£1,42.43,---

o 2r k 2n

2 2 \/ B = —+ —k jsin | —+ —k

24:c08§+jsin7n - \/F[cos(n+n >+Jsm(n+n )]
where k£ =0,%£1,42,---



Complex Functions

Polynomials
» Fundamental theorem: every polynomial in C admits at least one root.

It is obvious for a polynomial of degree 1.

For degree 2, remember that:

~ er2 A
-4 2a 4q2

—b+iv-A

2a

N 2 b2+c
x 2a 4a?2  a

If A< 0,vA= iv—A so the polynomial has two roots: x =

T(x)=ax?’+bx+c=a

Polynomial in C of any degree are split, i.e. a;, 8; € N such that P(X) = [[,(X — a;)¥:

Logarithmic
= For(x,y) € R%y =e*>0.So x = Iny defined with y € R%
= What is then the meaning of In(-5) ? Make sense with a new set of numbers !

= In(-=5) = 2In(i) +In(5) = ir + In(5) € C
24



Complex numbers - summary

Designation Formulae
Imaginary unit j j2=-1
Imaginary number 7 n=jy (yreal)
Complex number Z in arithmetic form Z=Xx+jy (x,)y real)
X = real part
y = imaginary part
Complex conjugate z¥=x—jy

Complex numbers in polar form

Transformation (x,y) < (r,a)

z =r(cosa+jsina)

x:rcosa} r=1fx2—|—y2}

Yy =rsin¢ tan = y/x

Complex number in exponential form
Euler’s formula

gerel”
e = cost +jsina

Exponential form for cosine
and sine functions

cos = — (el® +e~I%) = coshjo

1
2

: i 1
sin = 2 (e!* —e %) = —sinhjo

Periodicity of complex numbers

z =rel®

— rell@t2km)  (f=41,42,43,...)

25



Complex numbers - summary

Designation

Formulae

Multiplication and division
in exponential form

Raising to a power and extracting
roots in exponential form

Zy] = rlejﬂ-'l By — _rzejﬂ'z

Z1Z5 = rlrzej(al+a2]
ok S e AT 2
Z2 r2

z = rel®

ZN — phoina

{I/E: {I/Fej’[a-l-?,:ffk]l,-“?l] (k — {], :l:]., :I:Z,"')

Multiplication and division
in polar form

Raising to a power and extracting
roots in polar form

z1=ry(cosay +jsinaq)

Z5 = Fs(cOs®5 +jsina,)

z12z2 = rirafcos(ay + o) +jsin(@; +a3)]

Z]

Z2

z=r(cosax+jsinc)

z" = r"[cosna +jsinna]
a 2rnk

VE i {“’S (; e

(k=0,4£1,42,--.)

)—l—jsin(

- :—l[cos(ﬂfl —ap)+jsin(a) — )]
2

04
—+
n

2k

n

)

26



Reciprocal Space and Bragg condition

The properties of complex numbers reviewed here find a great application in the
continuation of the study of reciprocal space.

Consider a plane wave of k vector k, impingent on a crystal.

Each atom/motif acts like an independent source that scatters the incoming light in
different directions.

If we first consider two atoms, the incident wave : E = Ege!(kr-ot)

Along the k; direction, interference will give: E = Ejel(kou-wt)4 F oilkiu-wt)

Which gives:

- E— . k _k
|E] =2|Eo|cos(u( - °)> 27



Reciprocal Space and Laue’s condition

\E(O,O,O) = a(K)E,p

|5, Fovan = OB peit#a7
T E_) K = k - k()
0 >
(ngr) = pa+ qb + rc
LO = D(p’q,r).vO
ko = 5 o, with [lvoll = 1; k=" v, with [|v]| = 1.

= We can fix the phase to 0 on the origin of the crystal O. We only need to then consider
the part of the field that is scattered in the K = k — k direction: E(O,O,O) = a(K)Eyp

For another arbitrary motif in the crystal at position D, , -y = pa + gb + rc (with
(p,q,7) € Z3, we have a phase shift that builds up as the wave travels.

This phase shift is the wave vector k = 27” times the differences of optical path AL, 4

ALp,qry=Lo— L
_ 2
ALp,qry= Dpqr)-Vo— Dpgr)-v 8



Reciprocal Spagand Laue’s condition

Ew,0,0).= a(K)Eop

D 0,0,1)
Eo Epar) = Q) Egpei9 P
/0
2 K=k -k
ko Dp,qr)

The scattered field in the K direction by this motif is then given by: E 4= a(K)E,pete®an)

The phase shift being: 21
Ap(p,q,7) = T ALwan

2T 21
A9 (,4,7) = Dpgr) 53 Yo~ Dpgn -7V = Dpgr): (ko — k) = —K.Dpqp)

The detector will mesaure the intensity diffracted at the distal end along the direction K, that
is the module of the total electric field, with:

Etotal(K) = E0,0,0) + E(p,g,r)

p=+oo q=+oo r=+4+0o0

Etotal(K) - S“ S“ S“ E(p,q,r) = a(K)EOﬁ z eiAQD(p'q'r)

p=—00 q=—00 1=—00 p.q,r

29



Reciprocal Space and Laue’s condition

=  Which we can re-write:

Erora1(K) = a(K)Eop z e ®Pwan = D(K)Eyp
p.qr

D(K) = a(K) z e KD qr)

p.q,r

= This scattering is maximum for
V(p,q,‘r) € Z3,e_iK'D(p,q,r) =1

condition from which we built the reciprocal basis (O, a*,b*,c*) that is the same as the one built
from the geometric argument.

1Du.!_' i .1 -—_— luﬂ. - . - _._ — |
go | 80 | |
60 | | 60 I
40 |'| | a0, |
zﬂ[ II Il | I 20 |!:| (I |
il Ll Al o | (.| 11 FISU—| N
-2 0 Z 4 6 8 S30 24 s B
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Reciprocal Space and Laue’s Condition

This is a more general Bragg condition.

= |f we define a basis of vectors (a*,b*,c*) in which we can define K = x;a™ +x,b* +x3c*
with (x4, x5, x3) € R3 , and since D, is a lattice vector in the direct space, we have
(dy,d,,d3) € Z3 such that D,,= d;a + d,b.+dsc, we must have:

(xla* +x2b* +x3C*). (dla + dzb.+d3C) = ZpT[ with p E y/A

= This works with: . T =2n b*. T =0 c.a =0
a. b =0 b*. b =2n c*. b =0
at. ¢ =0 b*. T =0 . T =2n

o Which forms the same reciprocal basis (a*,b*,c*) we defined earlier !

= And we get:
V(dl, dz, d3) S/ 3, del + x2d2+x3d3 S/A

which imposes that (x4, x,,x3) € Z 3.
Hence we have formed the reciprocal lattice !

R = {P, OP = nla* +n2b* +Tl3C*, (nl,nz,n3) € ZB}

The condition of interference: K = kq — kg € R is called commonly the condition of Laue.

This condition is equivalent to the commonly known Bragg law.
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Bragg Law and Laue’s condition

» Laue’s condition does not constraint on the diffracted direction. As long as the difference
of the incoming wave vector, and the diffracted one, belongs to the reciprocal space,
constructive interference from the Bravais Lattice should occur.

» Bragg’s law is a particular case where the diffracted direction is only considered at an
angle 26.

o Laue condition: K = k; — kg € R, the Reciprocal
space;

o Bragg condition: Diffraction measured when
K = k4 — kg is orthogonal to the diffracting plane
(hkl)

o So:3a € R, K = aN(y;) = aha” +akb” +alc”

o Andwe musthave K e R, soah€Z = a €Z

o Hence In € Z, K = nN(,

. 4T . * 2T
e o o o o o |IK|l = 2ksin(@) = 75m(0) and ”N(hkl)” =—d(hkl)

2T

o So: 47” sin(f) =n = |2dniysin(0) = na

d(hkl)




SUMMARY

We reviewed reciprocal spaces.
We introduced rational and real numbers with a few important properties.

We reviewed the application of complex numbers and how one can construct the field of
complex numbers.

We defined the algebraic form (sometimes also called the arithmetic) form of complex
number z = x + jy , and the polar form z = rcos0 + irsinf

We finally defined the polar form z =re'® and express the relationship between the
different ways of expressing and manipulating complex numbers.

We reviewed the unit circle, and show examples on how complex numbers can extend
the use of common functions that become complex functions.

We showed a direct application of complex numbers in how one handles the propagation
of waves, and how ones construct the reciprocal space for deriving the Bragg condition
for X-rays probing a crystal lattice.

Next Week

= LinearAlgebra 3
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